Abstract-The harmonic currents generated by the single-phase rectifier are well known. As the levels of these currents become larger, the use of power conditioners such as shunt active filters to lower the levels is becoming more attractive. In order to analyze the interaction between the condition, ac system, and rectifier it is necessary to have an accurate model of the rectifier. This paper describes a frequency-domain analytical model of the single-phase rectifier. The model includes the dominant frequency transfer mechanisms. These are the direct transfer and that due to the modulation of the switching instants. A small-signal linearized analysis is presented and the behavior predicted is confirmed by perturbation analysis using time-domain simulation. Accurate results are obtained, and the importance of including the switching instant modulation is shown.
power system and can have detrimental effects [1] , [2] . As the delivery of high-quality electrical power becomes increasingly important, the impact of interaction between loads and the power system needs to be characterized. Nonlinear loads pose a difficult problem, as the analysis of the interaction cannot use typical linear time-domain approaches such as the Laplace transform or linear time-invariant differential equations. However, recent research has shown that the current-source HV dc rectifier and other nonlinear power electronic switching devices are almost completely linear in the frequency domain [3] . The coupling between frequencies due to modulation can be described as a magnitude and phase change which can be accomplished by complex multiplication. This frequency-domain approach allows the nonlinear devices to be linearized and makes superposition valid [3] .
The interaction of the single-phase rectifier with the system requires further investigation when the system includes power conditioning equipment such as a shunt active filter. Interactions such as that between a three-phase rectifier and shunt active filter can produce increased harmonic current flowing into the rectifier [4] . This is not the intention of the active filter. In order to determine the interaction of a single-phase rectifier with the ac system, with or without a power conditioner, an accurate model of the single-phase rectifier is required. Analysis of three-phase rectifier harmonics and system interaction has been performed [5] , but the single-phase rectifier has received little attention. The interaction of power conditioning devices, the ac system, and power-factor-correction capacitors has been investigated [6] , but the incorporation of accurate nonlinear load models has yet to be attempted. This paper describes the development of a model of the single-phase rectifier using analytic frequency-domain techniques. There is the possibility of the single-phase rectifier having a phase-dependent response at characteristic harmonics as has been found with other switching converters [7] . This will have implications for active filtering, as a shunt active filter produces characteristic harmonics in the steady state. The determination of the response to frequencies other than harmonic frequencies gives the small-signal response and, hence, can be used to analyze the system's steady-state stability and transient response [8] .
This paper first describes the operation of the rectifier in terms of base and switching instant modulation switching functions and their Fourier series. Suitable linearizations to obtain the switching instant variation are made and the total frequency transfer developed. 
II. FREQUENCY MODULATION
The single-phase voltage-source rectifier operates as a modulator, since its primary function is to convert the fundamental power frequency ! 0 (50 or 60 Hz) to dc (0 Hz). Modulation is achieved by the alternate switching action of diodes. As each diode is uncontrolled, the times at which the diodes switch (the switching instants or equivalent switching instant angles) are determined by the circuit conditions rather than by a switching control system such as that in a thyristor-controlled rectifier. The typical single-phase rectifier is shown in Fig. 1 . Because of the desire for inexpensive construction, the rectifier typically operates in discontinuous current conduction mode and the value of the inductance L is small.
A. Base Switching Function
The typical switching function 9 of the diode rectifier, shown in Fig. 2 , represents the switching of the alternate diode pairs, (1 and 2, and 3 and 4, in Fig. 1) , to connect the supply voltage V S to the dc-bus capacitor C and the load R through the inductor. The switching function shows diode pair 1 and 2's turn-on switching instant indicated by the angle 1 and the turn-off switching instant, angle 2 . The switchings for diode pair 3 and 4 are in the voltage's V S negative half cycle at angles + 1 and + 2 .
The switching function is given in Fourier series form in (1) .This switching function operates as a frequency transfer function in that it describes the way an ac-side frequency is transferred to the dc side for m = 1; 3; 5; 7 111 9 = 0; for m = 0; 2; 4; 6 111:
(1) The pattern of frequency transfers described mathematically by (2) can be seen in the lattice diagram in Fig. 4 where for a given ac voltage input of frequency k! 0 t the frequencies of the resulting dc-side voltage V DC can be determined. When a fundamental frequency, which corresponds to k = 1, is applied, the resulting dc-side frequencies are 0 Hz, 100 Hz, 200 Hz1 11. This is the normal operating condition of a single-phase rectifier and forms the base operating condition or unperturbed case for the following small-signal analysis. When a nonharmonic perturbing voltage, corresponding to k having a noninteger value, is applied, the resultant dc-side frequencies are also noninteger multiples of the fundamental frequency and the corresponding frequencies, magnitudes, and phases are given by (2) . As a graphical example, the dc-side 
B. Switching Instant Modulation Spectrum
Any ac-side supply voltage can change or modulate the turn-on and turn-off switching instants. The frequency components that arise from this switching instant modulation can be determined using the spectrum determined by Swcharz's analysis of the pulse duration modulator [9] . As an example the spectrum that results from the modulation for m = 1; 3; 5111 9 Simod =0; for m = 2; 4; 6111:
This spectrum gives a complete frequency-domain representation of the switching instant modulation which is used as a frequency transfer function in the same way as the rectifier switching function 9. The rectifier switching spectrum and the switching instant modulation spectrum completely characterize the behavior of the single-phase rectifier.
C. Effect of Perturbing Voltage
The single-phase rectifier is analyzed using a representative small perturbing voltage 1V , which is added to the fundamental supply voltage V AC . In the shunt active filter situation, the response to 1V is the response of the single-phase rectifier to the small change in the supply voltage caused by the active filter current. The active filter will inject many harmonic current frequencies and so 1V could have many frequencies. As the response of the rectifier is linearized, superposition can be used to evaluate all the frequencies individually.
The perturbing voltage 1V has two effects in the singlephase rectifier. Firstly, 1V is modulated by 9 to the dc side Fig. 5 ). The dc-side filter admittance converts this voltage to a current which is then remodulated back to the ac side by both 9 (e in Fig. 5 ) and 9 Simod (f in Fig. 5 ). The ac-side current that results from the application of 1V is the sum of the two effects (g in Fig. 5 ). In this analysis, it is assumed that 1V is sufficiently small so that the system has essentially constant operating point and behaves linearly around this point. This assumption ensures that the two effects can be evaluated separately and combined by superposition. It is also assumed that the effect of 1V modulated by the switching instant modulation 9 Simod is negligible as both are small.
In summary, two effects make up the transfer of ac-side voltage to dc-side voltage and the transfer from dc-side current to ac-side current. These are the direct transfer by the base switching and that due to the switching instant modulation. As long as the modulation of the switching instants can be determined, these two switching transfers allow the behavior of the rectifier to be characterized.
D. Switching Modulation Linearization
The change in each switching instant angle is determined by linearizing the switching condition about the operating point. The conditions governing both the turn on and turn off switching instants are shown in Fig. 6 . The turn-on switching occurs when V S exceeds V DCBUS , which is assumed constant for this analysis. The operating point is defined by the switching instant angles 1 and 2 . The condition for the turn-on switching instant when 1V is added to the ac voltage is V AC + 1V 0 V DC BUS = 0: The base case fundamental ac voltage is
Rearranging (4) and substituting ! 0 t = 1 gives A sin 1 + 1V = V DC BUS :
Letting 1 = 1 + 1 1 and substituting this in (6) gives A sin( 1 + 1 1 ) + 1V = V DC BUS :
Upon expansion, the sin( 1 + 1 1 ) becomes sin( 1 + 1 1 ) = sin 1 cos 1 1 + cos 1 sin 1 1 : (8) Then, using the linearizing approximations
and cos 1 1 ' 1 (10) that are valid as long as 1 1 is sufficiently small (which is assumed to be the case for small applied 1V ) gives A sin 1 + A cos 1 1 1 + 1V = V DC BUS : (11)
At the switching instant
which means that
Rearranging (13) gives which is the change 1 1 in the turn-on switching instant, defined by the angle 1 , for a given perturbing voltage 1V and fundamental magnitude A.
E. Effective Frequency of Switching Instant Modulation
The unperturbed switching of the single-phase rectifier occurs at twice the fundamental frequency. When a perturbing voltage 1V = V k sin(k! 0 t + k ) is applied, the effect of that voltage on the switching instant modulation is determined by the interaction of the rectifier's twice fundamental switching and 1V . Fig. 7 shows how the switching action of the rectifier samples 1V at twice the fundamental frequency. The value of 1V that determines the switching instant variation is the value at each unperturbed switching instant. This value of 1V at three successive switching instants is evaluated in Fig. 7 in order to find the frequency of the change in the switching instant angle. (The negative half cycle of the ac voltage is shown inverted and the sign of 1V at the + 1 switching instant is negated for clarity. This is equivalent to actual rectifier operation.) As the sampling occurs at twice fundamental frequency, a modulation or frequency shift occurs, meaning that the effective switching instant modulation frequency is different from the frequency of 
for Any function that produces these values at these switching instants is a valid effective switching instant modulation. One such function is
This means that a perturbing voltage 1V of frequency k! 0 affects the switching instant at a frequency (k01)! 0 . However, as this result is from possibly sub-Nyquist sampling (which is the situation shown in Fig. 7 ) other expressions that produce a valid 1V eective can be developed. The choice of the effective frequency is arbitrary because an effective switching instant modulation can be found involving frequency (k03)! 0 , (k05)! 0 , (k+1)! 0 , or any other frequency an odd multiple of ! 0 different to k. Each of these functions generates the same value for the switching instant modulation at each switching instant. That is, when the switching instant modulation is used in the switching instant modulation spectrum (3), the resultant frequency components are the same. The (k 0 1)! 0 function is used for calculation purposes in this paper.
F. Switching Instant Modulation Validation
The switching instant modulation caused by the ap- The dc-bus voltage is 320 Vdc, 1 = 1:3906, and 2 = 1:9316, which is a reasonable approximation to a typical single-phase rectifier. The effect of 1V on the turn-on switching instants is shown in Fig. 8 by the light bars. As can be seen, these are well approximated by the dark bars which are calculated using (19) and (14). Each angular variation occurs at the same time instant but they are shown side by side in Fig. 8 for clarity. The mean absolute error in the switching instants is 4% for this case.
Similarly accurate results are obtained for other perturbing frequencies.
G. Turn-Off Switching Instant Modulation
The turn-off switching instant modulation is determined by equating the integral of the voltage applied to the dc-side inductor to zero. That is, the dc-side current returns to zero, the condition for the switch off, when the total integral volt seconds is zero. Fig. 6 shows the ac-side and dc-side voltages that determine this switching. The integral of the voltage across the inductor is 
The term from (21), which corresponds to areas A1 and A2 in Fig. 6 , is zero, as this is the situation that determines the turn-off switching instant in the case where no 1V is applied (the base case). The effect of 1V in the interval from 2 to 2 + 1 2 is
As long as k1 2 is sufficiently small, the two cosine terms add to zero. The (sin k1 2 )=(k) contribution is proportional to 1 2 when 1 2 ! 0. This means that the contribution of this integral can be ignored if the other terms contributing to the total integral are significantly larger than 1 2 . The effect of V AC in the interval 2 to 2 +1 2 (23), which corresponds to areas A3 and A4 in By grouping the terms and making the small value approximations (9) and (10), the contribution of this term is 1 2 A(sin 2 0 sin 1 ):
The final term (22) is the effect of 1V during the interval 1 to 
Note that 1 2 does not depend on the inductance value L except through the dependence of the operating points 1 and 2 on the inductance. Validation of the analysis is shown in Fig. 9 with the simulated variation (lighter bars) matching those calculated (darker) with (33). The mean absolute error is 4%. The operating condition is the same as that for the previous turn-on switching instant example in Fig. 8 
III. FREQUENCY TRANSFER COMPARISON
Once the operating point is determined, the base case transfer function 9 is set. Repeated calculation of different frequency transfers involves only the recalculation of the switching instant modulation spectra 9 Simod and the convolution of the spectra.
It was found that, if the applied frequency is a noninteger multiple of the fundamental frequency, accurate results can be found using only the first-order dc-side frequencies from the switching instant modulation spectrum. This corresponds to calculating only the n = 1 terms in (3). This allows the switching modulation frequency transfer to be quickly calculated. When harmonic frequencies (both noncharacteristic and characteristic) are applied, it is necessary to calculate a number of higher order, n = 2; 3; 4; 111, terms from the switching instant modulation spectrum equation (3), as these terms produce the same frequencies as the first-order n = 1 terms. If a perturbing voltage that is a characteristic harmonic voltage, 1V = V k sin(k! 0 t + k ), k = 1; 3; 5; 111, is applied, the switching instant modulation is a constant zero-frequency value for both the turn-on and the turn-off switching instant. This strongly couples any applied characteristic harmonic voltage to the dc-side voltage at zero frequency. As the dc-side admittance is very high at low frequencies, this coupling of the characteristic harmonic to zerofrequency dc-side voltage produces a very large effect on the dc current. It may be that this coupling is sufficient to change the operating point defined by 1 and 2 . This is not investigated in this paper, but will require further investigation. The switching instant modulation effect is strongly dependent on the phase k of 1V at characteristic harmonic frequencies. Fig. 10 shows the turn-on switching instant modulation that occurs when a fifth harmonic (250 Hz) perturbing voltage is applied with a phase k which varies from 0 (darkest bar) to (lightest bar). (As previously, the switchings are coincident but are shown side by side for clarity.) The modulation is constant at each switching for the same phase, but different phases produce different amplitudes of switching modulation. At a certain phase, the characteristic harmonic perturbing voltage does not modulate the switching instant as the perturbing voltage is zero at each switching instant. As a result, the single-phase rectifier exhibits a phase-dependent response at characteristic harmonic frequencies. In ordertovalidatethe frequency-domain analysis ofthe singlephase rectifier, a time-domain simulation was performed using Matlab/Simulink. The rectifier was simulated with only the fundamental supply voltage applied to form the base case. Then, the system was simulated again with a perturbing voltage 1V added to the fundamental supply voltage. The difference between the two results is the response to the applied 1V . Fig. 11 shows the ac-side current that results from an applied voltage 1V of magnitude 3 V, frequency 90 Hz, and phase 0 for both the time-domain simulation (gray bars) and the frequency-domain model (dark bars). The match is very good in both the magnitude and phase with the mean error 4%. Also shown by the white bars is the result from the frequency domain model if the switching instant modulation is ignored. The accuracy of this approach is lower.
The smaller terms at frequencies 30 Hz, 50 Hz, 70 Hz, 130 Hz, 150 Hz 1 1 1 are due to second-order effects, meaning that they are the resultofconvolutionof two first-orderfrequencycomponents. They match the time-domain simulation results relatively well, even though it was not the intention to produce a model accurate in the second-order frequency products in this example. The analysis ignoring the switchinginstant modulation (white bars in Fig. 11 ) does not produce these terms.The first-order frequencies present in the ac current (those with the large magnitudes at 10 Hz, 90 Hz, 110 Hz, 190 Hz1 1 1) are as shown in Fig. 12 . This lattice diagram shows, for clarity, only the first-order frequency couplings, but can be extended to include the second-order and other higher order couplings. The lattice can represent the full matrix of frequency couplings, including the switching instant modulation effects. It can, therefore, be used to determine the interaction of the rectifier with the ac system [10] .
IV. CONCLUSIONS
This paper has presented a frequency-domain analytical model of the single-phase voltage-source rectifier. The accuracy of the analysis and model has been confirmed by comparison of results to those obtained from time-domain simulation. The two effects that dominate the behavior of the rectifier are the transfer of any applied voltage to the dc side by the base switching function and the transfer of frequencies to the dc side due to the modulation of the switching instants. The switching instant modulations have been determined by linearizing the switching conditions, and this approximation has proved suitably accurate. The phase dependency of the switching instant modulation at characteristic harmonics was demonstrated. Ignoring the effect of switching instant modulation makes the model inaccurate. The rectifier model provides complete characterization of the methods and behavior of the modulation of frequency components by the rectifier. Such understanding of the mechanisms allows the interaction of the single-phase rectifier with the ac system to be determined. This means that the implications of design choices on the power quality effects of the rectifier itself and any power conditioning equipment installed with the rectifier can be found. By using the frequency domain, it will be possible to include the characteristics of the rectifier into the design considerations of any power conditioner control system. Following receipt of the Masters degree, he worked in New Zealand on induction motor drives and starters. He gained experience with HV dc transmission systems and reactive power control in the U.K., and his most recent work was with a motor drives company where he designed and developed dc and ac drives. His research interests are power electronics and active filters and their effects on power quality. He was an Engineer with the New Zealand Electricity Department. Since 1984, he has held a lecturing position at the University of Canterbury, where he is currently the Head of the Department of Electrical and Electronic Engineering. His current research interests are in the area of power quality and active filtering for power systems applications and low-voltage high-current-switching power supplies for industrial applications.
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